Abstract-We investigate the use of coalgebra to represent quantum systems, thus providing a basis for the use of coalgebraic methods in quantum information and computation. Coalgebras allow the dynamics of repeated measurement to be captured, and provide mathematical tools such as final coalgebras, bisimulation and coalgebraic logic. However, this application raises new challenges for coalgebra: how to accommodate the contravariance which arises naturally as we represent both the states and the properties of physical systems; and how to represent the symmetries of these systems, which account e.g. for their unitary dynamics. This motivates us to introduce a novel fibrational structure for coalgebra, and also to make new connections betwen coalgebras and Chu spaces.
I. INTRODUCTION
Coalgebra has been extensively developed as a powerful and effective tool for modelling state-based systems in Computer Science [1] . It offers fundamental notions of corecursion and coinduction to enable the processing of unbounded structures such as streams, bisimulation as a comprehensive notion of behavioural equivalence, and coalgebraic logic as a means of reasoning about systems behaviour. Moreover, all this is provided in an exceptionally flexible form, capable of handling a very wide range of examples. Applications to date have mainly focussed on traditional computational scenarios.
Our aim in the present paper is to lay the groundwork for the application of coalgebraic methods to representing and reasoning about quantum (and other physical) systems. This opens the door to the use of these methods in analyzing quantum information systems. Coalgebra provides an ideal setting for constructing models of quantum information systems, at various levels of abstraction, as coalgebras, and verifying properties of these systems using coalgebraic logic. Considerable progress has been made in recent years in developing the algorithmic aspects of coalgebraic logic, and tools for automated support of coalgebraic modelling and reasoning are becoming available [2] .
This raises new challenges for coalgebra: how to accommodate the contravariance which arises naturally as we represent both the states and the properties of physical systems; and how to represent the symmetries of these systems, which account e.g. for their unitary dynamics. This motivates us to introduce a novel fibrational structure for coalgebra, and also to make new connections betwen coalgebras and Chu spaces [3] , another widely studied model of computation. In previous work, we used Chu spaces to give a natural representation of quantum systems, and proved that the groupoid of physical symmetries on Hilbert spaces is fully and faithfully represented in Chu spaces [4] .
Summary of Results:
We introduce a fibrational structure on coalgebras in which contravariance is represented by indexing. We use this structure to give a universal semantics for quantum systems based on a final coalgebra construction. We characterize equality in this semantics as projective equivalence. We also define an analogous indexed structure for Chu spaces, and use this to obtain a novel categorical description of the category of Chu spaces. We use the indexed structures of Chu spaces and coalgebras over a common base to define a truncation functor from coalgebras to Chu spaces. This truncation functor is used to lift the full and faithful representation of the groupoid of physical symmetries on Hilbert spaces into Chu spaces, obtained in our previous work, to the coalgebraic semantics.
The further contents of the paper are organized as follows. In Section 2 we review some background on Chu spaces. In Section 3 we make a first comparison of Chu spaces and coalgebras, and discuss the modelling issues, the problems which arise, and the strengths and weaknesses of the two approaches. In Sections 4 and 5 we define the indexed structure for coalgebras. A similar development for Chu spaces is carried out in Section 6, and the truncation functor is defined. In Section 7 we show how a universal model for quantum systems can be constructed as a final coalgebra; equality in the coalgebraic semantics is characterized as projective equivalence, and the representation theorem for the symmetry groupoid on Hilbert spaces is lifted from Chu spaces to the coalgebraic category. Section 8 outlines the general scheme of 'bivariant coalgebra' underlying our approach.
Most proofs have been omitted from this extended abstract. A full version of the paper is available at [5] .
II. BACKGROUND

A. Chu Spaces
Chu spaces are a special case of a construction which originally appeared in [3] , written by Po-Hsiang Chu as an appendix to Michael Barr's monograph on * -autonomous categories [6] .
Chu spaces have several interesting aspects: they have a rich type structure, and in particular form models of Linear Logic [7] , [8] ; they have a rich representation theorymany concrete categories of interest can be fully embedded into Chu spaces [9] , [10] ; there is also a natural notion of 'local logic' on Chu spaces [11] .
We briefly review the basic definitions. Fix a set K. A Chu space over K is a structure (X, A, e), where X is a set of 'points' or 'objects', A is a set of 'attributes', and e : X × A → K is an evaluation function.
A morphism of Chu spaces
is a pair of functions
such that, for all x ∈ X and a ∈ A :
e(x, f * (a )) = e (f * (x), a ).
Chu spaces over K and their morphisms form a category Chu K . Given a Chu space C = (X, A, e), we say that C is:
• extensional if for all a 1 , a 2 ∈ A:
[∀x ∈ X. e(x, a 1 ) = e(x, a 2 )] ⇒ a 1 = a 2
• separated if for all x 1 , x 2 ∈ X:
• biextensional if it is extensional and separated. We define a relation on X by:
This is evidently an equivalence relation: C is separated exactly when this relation is the identity. There is a Chu morphism
where e ([x], a) = e(x, a) and q : X → X/∼ is the quotient map. The space (X/∼, A, e ) is separated; if (X, A, e) is extensional, it is biextensional.
B. Representing Physical Systems
Our basic paradigm for representing physical systems, as laid out in [4] , is as follows. We take a system to be specified by its set of states S, and the set of questions Q which can be 'asked' of the system. We shall consider only 'yes/no' questions; however, the result of asking a question in a given state will in general be probabilistic. This will be represented by an evaluation function
where e(s, q) is the probability that the question q will receive the answer 'yes' when the system is in state s. Thus a system is represented directly as a Chu space.
In particular, a quantum system with a Hilbert space H as its state space will be represented as
where H • is the set of non-zero vectors of H, L(H) is the set of closed subspaces of H (we write P S for the projector corresponding to the subspace S), and the evaluation function e H is the basic 'statistical algorithm' of Quantum Mechanics:
We have thus directly transcribed the basic ingredients of the Dirac/von Neumann-style formulation of Quantum Mechanics [12] , [13] into the definition of this Chu space.
C. Characterizing Chu Morphisms on Quantum Chu Spaces
We shall now briefly review the main results of [4] , which show how the simple, discrete notions of Chu spaces suffice to determine the appropriate notions of state equivalence, and to pick out the physically significant symmetries on Hilbert space in a very striking fashion. This leads to a full and faithful representation of the category of quantum systems, with the groupoid structure of their physical symmetries, in the category of Chu spaces valued in the unit interval.
The arguments here make use of Wigner's theorem and the dualities of projective geometry, in the modern form developed by Faure and Frölicher [14] . The surprising point is that unitarity/anitunitarity is essentially forced by the mere requirement of being a Chu morphism. This even extends to surjectivity, which here is derived rather than assumed.
Given a Hilbert space H, consider the Chu space (H • , L(H), e H ).
is extensional but not separated. The equivalence classes of the relation ∼ on states are exactly the rays of H. That is:
We write P(H) for the set of rays of a Hilbert space H, which form a projective space.
We say that a map U : H → K is semiunitary if it is either unitary or antiunitary; that is, if it is a bijective map satisfying
, where σ is the identity if U is unitary, and complex conjugation if U is antiunitary. Note that semiunitaries preserve norm, so if U and V are semiunitaries and U = λV , then |λ| = 1. Given a semiunitary U : H → K we write P(U ) : P(H) → P(K) for its projective lift, which maps rays to rays. Theorem 2.2 Let H, K be Hilbert spaces of dimension greater than 2. Consider a Chu morphism
where f * is injective. Then there is a semiunitary U : H → K such that f * = P(U ). U is unique up to a phase.
We define a category SymmH as follows:
• The objects are Hilbert spaces of dimension > 2.
• Morphisms U : H → K are semiunitary (i.e. unitary or antiunitary) maps.
This category is a groupoid, i.e. every arrow is an isomorphism. There is a quotient functor P : SymmH --PSymmH identifying semiunitaries which differ only by a global phase.
The seminunitaries are the physically significant symmetries of Hilbert space from the point of view of Quantum Mechanics. The usual dynamics according to the Schrödinger equation is given by a continuous oneparameter group {U (t)} of these symmetries; the requirement of continuity forces the U (t) to be unitaries. However, some important physical symmetries are represented by antiunitaries, e.g. time reversal and charge conjugation.
The Representation Theorem: The situation can be summarized by the following diagram:
Here emChu (bmChu) is the category of extensional (biextensional) Chu spaces, and Chu morphisms f with f * injective.
Theorem 2.3
The functor PR : PSymmH → bmChu is full and faithful.
Reducing the Value Space: We can ask whether it is necessary to use the unit interval as the value space for our Chu spaces in order to achieve the representation result. Can this result still be achieved if we collapse the unit interval to finitely many values?
We are asking when composition with this functor preserves fullness of the representation. 
the representation theorem fails.
Theorem 2.5 For the natural reduction to three values
the representation theorem still holds.
III. CHU SPACES AND COALGEBRAS
Both coalgebras and Chu spaces can be considered as general systems models with associated logics. Each has been studied extensively. Their connections have not been studied at all.
As we shall argue, they have complementary merits and deficiencies:
• Chu spaces have, coalgebras lack: contravariance.
• Coalgebras have, Chu spaces lack: extension in time.
• Chu spaces, as the results of the previous section indicate, provide plenty of scope for representing symmetries. Coalgebras, on the other hand, in a sense are maximally rigid: the subcategory of strongly extensional coalgebras forms a preorder.
We shall also show interesting formal consequences of reconciling these differences: notably, we shall be led to introduce a fibrational or indexed structure on coalgebras ('externalising contravariance'); the Grothendieck construction will play a central rôle, and lead to a new description of Chu spaces. This will lead in turn to the definition of truncation functors from coalgebras to Chu spaces, which are of interest both conceptually and technically, in allowing the representation results achieved for Chu spaces to be lifted to coalgebras.
A. Comparison: A First Attempt
A first idea for turning a Chu space (X, A, e) over K into a coalgebra is to curry the evaluation map, resulting in an arrow X → K A . This is of the form X → F (A, X), where F is the functor
A first peculiarity of this functor as it stands is that it ignores the covariant argument X. We shall shortly address this by amending the functor to include a continuation case:
where
Thus we split K into two 'cases', one where there is no continuation (K 0 ), one where there is (K 1 ). This corresponds in an entirely natural way, as we shall see, to adding the ability to model state change in a quantum system after a measurement is performed. Having the flexibility to do this is one of the advantages of passing from Chu spaces to coalgebra. However, this functor as it stands is not in the realm of standard coalgebra at all! The reason is that the functor is bivariant: it has a contravariant argument A (the 'questions' in our representation of physical systems) as well as a covariant argument X (the states).
One of the main contributions of the present paper is to develop a general scheme for turning such bivariant functors into fibred categories of coalgebras. We shall develop the scheme in our specific setting of representations of quantum systems in Sections 4 and 5, and outline the abstract scheme in full generality in Section 8.
Behaviours vs. Symmetries: However, there is another, perhaps deeper conceptual problem which militates against the use of coalgebras in our context. An important property of physical theories is that they have rich symmetry groups (and groupoids), in which the key invariants are found, and from which the dynamics can be extracted. The main result of [4] was to recover these symmetries in the case of quantum systems as Chu morphisms. The picture in coalgebra is rather different. One is concerned with behavioural or observational equivalence, as encapsulated by bisimulation, and the final coalgebra gives a 'fully abstract' model of behaviour, in which bisimulation turns into equality. Moreover, every coalgebra morphism is a functional bisimulation. If we consider the class of strongly extensional coalgebras [1] , those which have been quotiented out by bisimulation, they form a preorder, and essentially correspond to the subcoalgebras of the final coalgebra. Thus in a sense coalgebras are oriented towards maximum rigidity, and minimum symmetry.
From this point of view, it would seem more desirable to have a universal homogeneous model, with a maximum degree of symmetry, as a universal model for a large class of physical systems, rather than a final coalgebra. Such a model has been constructed for bifinite Chu spaces in [15] . That context is too limited for our purposes here. It remains to be seen if universal homogeneous models can be constructed for larger subcategories of Chu spaces, encompassing those involved in our representation results.
In the present paper, we shall develop an alternative resolution of this problem by using a fibred category of coalgebras, in which there is sufficient scope for variation to allow for the representation of symmetries. We shall use this to lift the representation theorem of [4] from Chu spaces to coalgebras. Thus one and the same construction will address both the issues of contravariance and representation of symmetries.
B. Discussion: In Praise of Coalgebras
States and Observables: The coalgebraic point of view can be described as state-based, but in a way that emphasizes that the meaning of states lies in their observable behaviour. Indeed, in the "universal model" we shall construct, the states are determined exactly as the possible observable behaviours -we actually find a canonical solution for what the state space should be in these terms. States are identified exactly if they have the same observable behaviour.
We can see this as a kind of reconciliation between the ontic and epistemic standpoints, in which moreover operational ideas are to the fore.
Dynamics: Coalgebras allow us to capture the 'dynamics of measurement' -what happens after a measurement -in a way that Chu spaces don't. They have extension in time [16] . We explain what we mean by this in more detail below.
Extension in Time: Consider a coalgebraic representation of stochastic transducers:
where I is a fixed set of inputs, O a fixed set of outputs, and Prob(S) is the set of probability distributions of finite support on S. This expresses the behaviour of a state x ∈ X in terms of how it responds to an input i ∈ I by producing an output o ∈ O and evolving into a new state x ∈ X. Since the automaton is stochastic, what is specified for each input i is a probability distribution over the pairs (o, x ) comprising the possible responses.
We can think of I as a set of questions, and O as a set of answers (which we could standardize by only considering yes/no questions). Thus we can see such a stochastic automaton as a variant of the representation of physical systems we discussed previously, with the added feature of extension in time -the capacity to represent behaviour under repeated interactions.
We can learn from this observation, incidentally, that QM is less nondeterministic/probabilistic than stochastic transducers since in Quantum Mechanics, if we know the preparation and the outcome of the measurement, we know (by the projection postulate) exactly what the resulting quantum state will be. In automata theory, by contrast, even if we know the current state, the input, and which observable output was produced in response, we still do not know in general what the next state will be. Could there be physical theories of this type?
IV. SEMANTICS IN ONE COUNTRY
As a first step to developing a viable coalgebraic approach to representing physical systems, we shall hold a single system fixed, and see how we can represent this coalgebraically. We will then have to see how variation of the system being represented can be reintroduced.
A. Coalgebraic Semantics For One System
We fix attention on a single Hilbert space H. This determines a set of questions Q = L(H). We now define an endofunctor on Set:
A coalgebra for this functor is then a map
The interpretation is that X is a set of states; the coalgebra map sends a state to its behaviour, which is a function from questions in Q to the probability that the answer is 'yes'; and, if the probability is not 0, to the successor state following a 'yes' answer. The functors F Q are very well-behaved from the point of view of coalgebra (they are in fact polynomial functors [1] ). They preserve weak pull-backs, which guarantees a number of nice properties, and they are bounded and admit final coalgebras
The elements of U Q can be visualized as 'Q-branching trees', with the arcs labelled by probabilities. The F Q -coalgebra which is of primary interest to us is
The new ingredient compared with the Chu space representation of H is the state which results in the case of a 'yes' answer to the question, which is computed according to the (unnormalized) Lüders rule [17] . This system will of course have a representation in the final coalgebra (U Q , γ Q ), specified by the unique coalgebra homomorphism h : (H • , a H ) → (U Q , γ Q ).
V. INDEXED STRUCTURE FOR COALGEBRAS
Our strategy will now be to externalize contravariance as indexing. This will allow us to alleviate many of the problems we encountered with using coalgebras to represent physical systems, and to access the power of the coalgebraic framework. In particular, we will be able to construct a single universal model for quantum systems.
We shall define a functor
where CAT is the 'superlarge' category of categories and functors. F is defined on objects by
For a function f : Q → Q, we define
Proposition 5.1 For each f : Q → Q, t f is a natural transformation, and f * is a functor.
Thus we get a strict indexed category of coalgebra categories, with contravariant indexing.
A. The Grothendieck Construction
We now recall an important general construction. Where we have an indexed category, we can apply the Grothendieck construction [18] , to glue all the fibres together (and get a fibration).
Given a functor 
(G • H, h • I(H)(g)) : (A, a) → (C, c).
Applying the Grothendieck construction to F, we can now put all our categories of coalgebras, indexed by the sets of questions, together in one category. We will use this to get our universal model for quantum systems.
Before turning to this, we will consider an analogous indexed structure for Chu spaces, which will allow us to define a comparison functor between the two models.
VI. INDEXED COMPARISON WITH CHU SPACES
A. Slicing and Dicing Chu
For each Q, we define Chu Q K to be the subcategory of Chu K of Chu spaces (X, Q, e) and morphisms of the form (f * , id Q ). This is easily seen to be isomorphic to the slice category Set/K Q . Given f : Q → Q, we define a functor
and which is the identity on morphisms. To verify functoriality, we only need to check that the Chu morphism condition is preserved. That is, we must show, for any morphism (f * , id Q ) : (X, Q, e) → (X , Q, e ), x ∈ X, and q ∈ Q, that e(x, f (q )) = e (f * (x), f (q )) which follows from the Chu morphism condition on (f * , id Q ). This gives an indexed category
Thus we have constructed an indexed category, which in fact arises naturally by slicing over the functor K (·) , without any reference to Chu spaces.
B. Grothendieck puts Chu back together again
The fibre categories Chu Q K are pale reflections of the full category of Chu spaces, trivialising the contravariant component of morphisms. However, the Grothendieck construction gives us back the full category. Proposition 6.1
C. The Truncation Functor
The relationship between coalgebras and Chu spaces is further clarified by an indexed truncation functor T : F → Chu.
For each set Q there is a functor
This is defined on objects by
where e(x, q) =
The action on morphisms is trivial:
The verification that coalgebra homomorphisms are taken to Chu morphisms is straightforward. The fact that each T Q is a faithful functor is then immediate.
For each f : Q → Q, we have the naturality square
On objects, both paths around the diagram carry a coalgebra (X, α) to the Chu space (X, Q , e), where
The action on morphisms in both cases is trivial: a coalgebra homomorphism h is sent to the Chu morphism (h, id Q ). We can summarize this as follows:
Proposition 6.2 T : F −→ Chu is a strict indexed functor, which is faithful on each fibre.
As an immediate corollary, we obtain:
There is a faithful functor T :
We say that an
Thus in a static coalgebra, observing an answer to a question has no effect on the state; this is the situation in classical physics, where measurements can be performing without disturbing the state of the system. We write S Q −Coalg for the full subcategory of F Q −Coalg determined by the static coalgebras. This extends to an indexed subcategory S of F, since the functors f * , for f :
Moreover this is an isomorphism of strict indexed categories.
We can combine this with Proposition 6.1 to obtain: Theorem 6.5 The category of Chu spaces Chu K is isomorphic to a full subcategory of F, the Grothendieck category of an indexed category of coalgebras.
This gives a clear picture of how coalgebras extend Chu spaces with some 'observational dynamics'.
VII. A UNIVERSAL MODEL
We can now define a single coalgebra which is universal for quantum systems. Recall firstly that any quantum system is described by a separable Hilbert space K, that is, a Hilbert space of finite or countably infinite dimension. Note that this includes spaces such as the standard configuration space L 2 (R 3 , dµ) of elementary wave mechanics [19] . The typical introductory discussion of examples such as the behaviour of the hydrogen atom in one dimension takes place, implicitly, in the Hilbert space L 2 (R, dµ), where µ is Lebesgue measure. The isomorphism of the L 2 function spaces and the 2 sequence spaces is the formal statement of the 'equivalence of Schrödinger wave mechanics and Heisenberg matrix mechanics'.
We proceed in a number of steps:
1) Fix a countably-infinite-dimensional Hilbert space, e.g. H U = 2 (N), with its standard orthonormal basis {e n } n∈N . Take Q = L(H U ). Let (U Q , γ Q ) be the final coalgebra for F Q . 2) In practice, the Hilbert space chosen to represent a given system will come with a preferred orthonormal basis {ψ n }. This basis will induce an isometric embedding
Taking Q = L(K), this induces a map f = i −1 : Q → Q . This in turn induces a functor f * :
3) This functor can be applied to the coalgebra (K • , a K ) corresponding to the Hilbert space K to yield a coalgebra in
in a fully abstract fashion, i.e. identifying states precisely according to observational equivalence. 6) This homomorphism is an arrow in the Grothendieck category F. Note that this works for all quantum systems, with respect to a single final coalgebra. This is a 'Big Toy Model' in the sense of [4] .
We shall now investigate the nature of this coalgebraic semantics for physical systems in more detail.
A. Bisimilarity and Projectivity
Our first aim is to characterize when two states of a physical system are sent to the same element of the final coalgebra by the semantic map · . We can call on some general coalgebraic notions for this purpose.
We shall begin with one of the key ideas in the theory of coalgebra, bisimilarity. This can be defined in generality for coalgebras over any endofunctor [1] , but we shall just give the concrete definition as it pertains to F Q −Coalg. Given F Q -coalgebras (X, α) and (Y, β), a bisimulation is a relation R ⊆ X × Y such that xRy implies, for all q ∈ Q:
We say that x and y are bisimilar, and write x ∼ b y, if there is some bisimulation R with xRy. Note that bisimilarity can hold between elements of different coalgebras. This means that states of different systems can be compared in terms of a common notion of observable behaviour.
The above definition is given in an apparently asymmetric form, but ∼ b is easily seen to be a symmetric relation, since the cases α(x)(q) = 0 and α(x)(q) = (r, x ) are mutually exclusive and exhaustive.
Proposition 7.1 Bisimilarity is an equivalence relation.
The key feature of bisimilarity is given by the following proposition, which is also standard for functors preserving weak pullbacks [1] . We consider coalgebras for such a functor F for which a final coalgebra exists. Given an Fcoalgebra (X, α) and x ∈ X, we write x for the denotation of x in the final coalgebra. F -coalgebras (X, α) and (Y, β) , and x ∈ X, y ∈ Y :
Proposition 7.2 For any
Thus bisimilarity characterizes equality of denotation in the final coalgebra semantics.
We begin by characterizing bisimilarity in the coalgebra (K • , a K ) arising from the Hilbert space K, for the functor
We define the usual projective equivalence on the nonzero vectors of a Hilbert space K • by:
Thus two vectors are projectively equivalent if they belong to the same ray or one-dimensional subspace.
Proposition 7.3 For any vectors
We now show that bisimilarity in Hilbert spaces is stable under transport across fibres by isometries.
Firstly, we have a general property of fibred coalgebras.
Proposition 7.4
If f : Q → Q is surjective, then bisimulation on the F Q -coalgebra f * (X, α) coincides with bisimulation on the F Q -coalgebra (X, α).
Given a Hilbert space K and an isometric embedding i :
, where:
Proposition 7.5 Bisimulation on the elements of the F Qcoalgebra (K • , β) coincides with bisimulation on the F Qcoalgebra (K • , a K ). If we identify K with the subspace H ⊂ -H U determined by the image of i, it also coincides with bisimulation on H . It is also the restriction of bisimulation on H U .
Putting these results together, we have the following:
be the final coalgebra semantics for K • with respect to the isometric embedding i : K --H U . Then for any ψ, φ ∈ K • :
Thus the strongly extensional quotient [1] of the coalgebra (K • , a K ) is the projective coalgebra (P(K),ā K ), where P(K) is the set of rays or one-dimensional subspaces of K, andā K is defined by:
Hereψ = {λψ | λ ∈ C} is the ray generated by ψ.
Remark: There is a subtlety lurking here, which is worthy of comment. When we consider an extension of a Hilbert space to a larger one, H ⊂ -H, the characteristic quantum phenomenon of incompatibility can arise; a subspace S of H may be incompatible with the subspace H (so that e.g. the corresponding projectors do not commute). The characterization of bisimulation as projective equivalence shows that this notion is nevertheless stable under such extensions. However, we can expect incompatibility to be reflected in some fashion in the coalgebraic approach, in particular in the development of a suitable coalgebraic logic.
B. Representing Physical Symmetries
We shall now show that the passage to the Grothendieck category of coalgebras does succeed in alleviating the problem of excessive rigidity of coalgebras as discussed in Section III-A. Our strategy will be to lift the Representation Theorem 3.15 from [4] from Chu spaces to coalgebras, using the results of Section VI-C.
We consider a morphism in F between representations of Hilbert spaces. Such a morphism has the form
where H and K are any Hilbert spaces, and writing Q = L(H), Q = L(K), the functor f * is induced by a map f : Q → Q, and h is a homomorphism of F Q -coalgebras. By Proposition 6.3,
is a Chu morphism. By Proposition 3.2 and the remark following Theorem 3.10 of [4] , the Chu morphism induced by the biextensional collapse of these Chu spaces is
where P(h)(ψ) = h(ψ). By Theorem 7.6, the induced coalgebra homomorphism on the strongly extensional quotients of the corresponding coalgebras is
We can now use Theorem 2.2. Since any coalgebra homomorphism gives rise to a Chu morphism, this will allow us to lift fullness of the representation in Chu spaces to the coalgebraic setting.
We must now account for the injectivity hypothesis in Theorem 2.2. The following properties of coalgebras and Chu spaces respectively are standard.
Proposition 7.8 If F preserves weak pullbacks, the kernel of an F -coalgebra homomorphism is a bisimulation. Hence if (A, α) is a strongly extensional F -coalgebra, on which bisimilarity is equality, then any homomorphism with (A, α) as domain must be injective. Proposition 7.9 If f : C 1 → C 2 is a morphism of separated Chu spaces, and f * is surjective, then f * is injective.
We shall write sF for the restriction of F to sSet, the category of sets and surjective maps. Similarly, we write sChu for the restriction of Chu to sSet. Clearly T cuts down to these restrictions. Moreover, the isomorphism of Chu K with Chu of Proposition 6.1 cuts down to an isomorphism of sChu with sChu K , the subcategory of Chu spaces and morphisms f with f * surjective. Thus if we define the category PSymmH as in [4] , with objects Hilbert spaces of dimension > 2, and morphisms semiunitaries quotiented by phases, we obtain the following result: Theorem 7.10 There is a full and faithful functor PC : PSymmH → sF. Moreover, the following diagram commutes:
Here PR is the full and faithful functor of Theorem 2.3.
This result confirms that our approach of expressing contravariance through indexing over a base does succeed in allowing sufficient scope for the representation of physical symmetries, while also allowing for the construction of a universal model as a final coalgebra, and for the expression of the dynamics of repeated measurements.
VIII. BIVARIANT COALGEBRA AND CHU CATEGORIES Our development of 'coalgebra with contravariance' can be carried out quite generally. We shall briefly sketch this general development.
Suppose we have a functor
Since CAT is cartesian closed, we can curry G to obtain
where [C, C] is the (superlarge) functor category on C. There is also a functor [C, C] −→ CAT which sends a functor F to its category of coalgebras, and a natural transformation t : F → G to the corresponding functor between the categories of coalgebras, as in Proposition 5.1. Composing these two functors, we obtain a strict indexed category
We can then form the Grothendieck category G. The indexed category F arises in exactly this way, from the functor
We shall also indicate how the indexed characterization of Chu categories, and the definition of the truncation functor relating Chu categories with fibred categories of coalgebras, can be carried out in full generality. Let C be a cartesian closed category, and K an object of C. We can define the Chu category Chu(C, K) [3] . The assignment A → C/K A extends to an indexed category C/K (·) , where arrows f : A → A act contravariantly by composition on the slice categories: if g : X → K A , then K f • g : X → K A . Now the general characterization result is:
Assume now that C has coproducts, and suppose that K ∼ = i K i , where i ranges over a set of natural numbers. Consider the bivariant functor
This has a continuation of arity i for each i; in the quantum case, i ranges over {0, 1}. We can form a fibred category of coalgebras from G according to our general scheme. There is an evident natural transformation
which induces an indexed truncation functor T : G → C/K (·) , and hence a faithful functor
The notion of static coalgebra can be generalized to this setting, and we can prove that Chu(C, K) is isomorphic to the full subcategory of G determined by the static coalgebras.
IX. FINAL REMARKS
We have found the combination of fibrational and coalgebraic structure a convenient one for our objective in the present paper of representing physical systems. In particular, the fibrational approach to contravariance allows enough 'elbow room' for the representation of symmetries. We also used the fibrational structure in formulating the connection to Chu spaces, which proved to be both technically useful and conceptually enlightening. A natural follow-up would be to develop a fibred version of coalgebraic logic, which we plan to do in a sequel.
We note that a quite different approach to coalgebra for bivariant functors has been developed by Tews [20] . A viable approach is developed in [20] only for a limited class of functors, the 'extended polynomial functors'. Moreover, the issues of rigidity vs. symmetry which we have been concerned with are not addressed in this approach, which is also technically fairly complex. Of course, there is a beautiful theory of the solution of reflexive equations for mixed-variance functors provided by Domain theory [21] , [22] . The value of coalgebras, in our view, is that they provide a simpler setting in which a great deal can be very effectively accomplished, without the need for the introduction of partial elements and the like.
The need for contravariance in our context, motivated by the representation of physical systems, appears to be of a different nature, and hence better met by the fibrational methods we have introduced in the present paper.
A deeper understanding of the issues here will, we hope, shed interesting light on each of the topics we have touched on in this paper: foundations for coalgebraic modelling of quantum information and computation, wider implications for computational modelling, and the mathematics of coalgebras and their connections with Chu spaces.
